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Abstract 

The main aim of this work is to incorporate selected findings from behavioural finance into a 
Heterogeneous Agent Model using the Brock and Hommes (1998) framework. In particular, we 
analyse the dynamics of the model around the so-called 'Break Point Date', when behavioural 
elements are injected into the system and compare it to our empirical benchmark sample. Be- 
havioural patterns are thus embedded into an asset pricing framework, which allows to examine 
their direct impact. Price behaviour of 30 Dow Jones Industrial Average constituents covering five 
particularly turbulent U.S. stock market periods reveals interesting pattern. To replicate it, we 
apply numerical analysis using the Heterogeneous Agent Model extended with the selected find- 
ings from behavioural finance: herding, over confidence, and market sentiment. We show that these 
behavioural breaks can be well modelled via the Heterogeneous Agent Model framework and they 
extend the original model considerably. Various modifications lead to significantly different results 
and model with behavioural breaks is also able to partially replicate price behaviour found in the 
data during turbulent stock market periods. 

Keywords: heterogeneous agent model, behavioural finance, herding, overconfidence, market 
sentiment, stock market crash 
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1. Introduction 

In recent financial literature, the representative agent approach and the Efficient Market Hy- 
pothesis (Fama, 1970) together with the Rational Expectations Hypothesis (Muth, 1961, Lucas, 
1972), which have dominated the field in the past, are being replaced by more realistic agent based 
computational approaches. These movements in economic thought are nicely reflected in a subset of 
agent based models, referred to as the Heterogeneous Agent Models (HAM henceforth) developed 
in the literature. The most simple HAM allows for analytical examination but if we want to move 
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a model features a bit closer to real market conditions, the computational approach is necessary. 
The crucial idea of all HAM is the abandonment of agents' full rationality. Agents do not become 
irrational but 'boundedly rational' (Simon, 1955, 1957; Sargent, 1993), they posses heterogeneous 
expectations, use simple forecasting rules to predict future development of market prices and the 
accuracy of their decisions is evaluated retroactively. Based on this simple profitability analysis, 
agents switch between several trading strategies — the parallel with the human learning process 
is more than apparent. Market fractions thus co-evolve over time and interactions between agents 
endogenously influence market prices which are no longer driven by exogenous news only. 

Moreover, it seems evident that psychology plays an important role in financial markets and 
deserves our attention. Behavioural finance studying its effects can be viewed as another answer 
to unrealistic assumptions of the Efficient Market Hypothesis. It suggests to employ the insight 
of behavioural sciences such as psychology and sociology into finance. Initial studies dates back 
to the 1970s when influential psychological studies by Kahneman and Tversky (1974, 1979) were 
published. Just as HAM do, behavioural finance also builds on the bounded rationality and argues 
that some phenomena observed in the financial world can be better explained using models with 
agents which are not fully rational. Some authors even suggest the "behavioural origin of the 
stylized facts of financial returns", and of the ' "statistical regularities of the data" (Alfarano et al. , 
2005, pp. 19 &; 39). Many significant biases from rational behaviour have been well described so 
far. These psychological finding may have significant impacts on the theory of stock trading as 
they directly violate the Efficient Market Hypothesis (Shiller, 2003). 

Both approaches — HAM and behavioural finance — complement one another and could be 
used together as HAM framework could serve as a useful theoretical tool for verification of find- 
ings from behavioural finance. LeBaron (2005, pg. 41) argues that "agent-based technologies are 
well suited for testing behavioural theories " and anticipates that "the connections between agent- 
based approaches and behavioural approaches will probably become more intertwined as both fields 
progress". Moreover, many studies have highlighted different behavioural patterns as an opti- 
mal way of motivating the underlying HAM assumptions of strategy switching and heterogeneous 
beliefs. Barberis and Thaler (2003) and Scheinkman and Xiong (2004) mention over confidence, 
De Grauwe and Grimaldi (2006) and Boswijk et al. (2007) suggest market sentiment, and Chang 
(2007) and Chiarella et al. (2003) put stress on herding behaviour. 

The central idea of our work is therefore to take advantage of both approaches and to inter- 
connect particular findings from behavioural finance with heterogeneous expectations in an asset 
pricing framework in order to study resulting price dynamics. By doing so, we also investigate 
whether current HAM methodology can be reasonably extended by applying findings from the 
field of behavioural finance. Or conversely, whether HAM can serve as a tool for theoretical verifi- 
cation of these findings. 

Financial crises and stock market crashes can be widely considered as periods when investors' 
rationality is restrained and where behavioural patterns are likely to emerge, strengthen and often 
play the dominant role. Hence, there is strong rationale to advance current literature through an 
empirical verification of HAM abilities and explanatory power of behavioural finance, using data 
covering these turbulent periods. 

Considering HAM methodology, we follow the Brock and Hommes (1998) model approach and 
its extensions. From the plethora of well documented behavioural biases we examine the impact 
of herding, over confidence, and market sentiment as these are generally supposed to have a strong 
impact on traders' behaviour not only during turbulent periods. Standard statistical tools of data 
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analysis together with computational simulations are employed. Specifically, we aim at answering 
the question if selected findings from behavioural finance can be well modelled via the HAM, extend 
it and finally replicate price behaviour of real world market data. 

For this purpose, we collect a unique dataset of 30 Dow Jones Industrial Average constituents 
covering five particularly turbulent stock market periods. The sample we consider starts with 
Black Monday 1987, the largest one-day stock market drop in the history, and terminates with the 
Lehman Brothers Holdings bankruptcy in 2008, one of the milestones of the recent financial crisis 
of 2007-2010. We aim at studying the price behaviour around the crash day. In the second part of 
the work, we develop a simulation based framework where we inject a selected behavioural findings 
into the HAM and study the behaviour of simulated prices around this break point. 

Thus our main aim is to incorporate selected findings from behavioural finance into a HAM 
using the the Brock and Hommes (1998) framework. In particular, we analyse the dynamics of 
the model around the so-called 'Break Point Date' (BPD henceforth) where behavioural elements 
are injected into the system and compare it to our empirical benchmark sample based on stock 
market data surrounding five particularly turbulent stock market periods. Behavioural patterns 
are thus embedded into an asset pricing framework, which allows to examine their direct impact. 
The simplicity of this approach also enables us to keep the impact of behavioural modifications as 
clear as possible. The occurrence of behavioural patterns at the BPD is obviously not perceived 
as 'out of the blue' because the behaviour of market participants is subject to many biases at 
all times. We interpret it rather as a 'considerable amplification' of their impact during market 
crashes and crisis periods. 

The work is structured as follows. After the introduction, we motivate a selected findings from 
behavioural finance we would like to study and we offer a description of the Brock and Hommes 
(1998) heterogeneous model framework. Next, we study a dataset of different financial crises 
periods and we find similarities in changes before and after the market crash. Finally, we pay our 
attention to the numerical analysis and simulation techniques used to study behavioural changes 
in the HAM. 

2. Selected findings from behavioural finance 

From the plethora of biases, irregularities or seemingly irrational behavioural patterns studied 
within the field of behavioural finance we focus on three particular findings and extend the model 
in the following behavioural directions: 

(i) Herding; 

(ii) Overconfidence; 

(iii) Market sentiment. 

There are several good reasons why we should place special focus on these behavioural biases. 
First, they are robust and well documented in many studies. Second, they are generally supposed 
to have strong impact on traders' behaviour over the long run, not only during turbulent periods. 
Third, all three phenomena can be well integrated into the Brock and Hommes (1998) model 
framework which is rather compact and does not otherwise allow for major modifications without 
deviating from its overall structure. Let us briefly motivate each of the biases. 
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2.1. Herding 

Herding (or herd behaviour) describes a situation when many people make similar decisions 
based on a specific piece of information while ignoring other highly relevant facts. Keynes (1936) 
comments on herding tendencies when he describes the stock market as a 'beauty contest'. For a 
financial market example, if stock prices go up, it is likely to attract public attention and allows 
for irrational enthusiasm that can develop into a market bubble in the end. High expectations of 
future prices are the reason for current high prices and vice versa, no matter that there is likely 
to be no real merit behind these expectations. As in a herd, people 'follow the crowd' in terms of 
both expectations and real investment decisions. Momentum trading or positive feedback trading 
can serve as good examples. 

However, herding might be far from being irrational. On the individual level, imitating of 
actions of others — e.g. market leaders — might be an extremely cheap, easy, and effective way of 
learning and decision- making. Chang (2007) for instance understands herding as an evolutionary 
adaptation, which developed naturally as a cost-effective way of processing information. Moreover, 
for traders professing market psychology, moving against the herd may present an attractive in- 
vestment strategy. On the other hand, for economy as a whole, herding is likely to decrease market 
efficiency and can even have disastrous impact. 

Generally, people do not like uncertainty and behave according to observed patterns even if it 
is often hard to find any objective reasoning supporting such a strategy (Shiller, 2003). People 
are also highly influenced by their environment and the world of finance is no exception. For 
animals, safety is one of fundamental reasons why they herd and for investors, professional money 
managers, or analysts the same holds in many situations (De Bondt and Thaler, 1995). These 
interesting explanations are given by Diks and Weide (2005, pg. 750): "being too different from 
the rest can be risky and might jeopardize career perspectives or reputation" or "younger analysts 
forecast closer to the average forecast" , as "they are more likely to be terminated when they deviate 
from the consensus" . 

Herding is sometimes considered as an opposite tendency to overconfidence regarding informa- 
tion efficiency. Bernardo and Welch (2001 , pg. 326) for example argues that thanks to overconfident 
individuals, information "that would be lost if rational individuals instead just followed the herd" 
is preserved. 

For brevity reasons, we do not offer a complete literature review on the topic of herding but 
do refer to several key contributions. For concerned readers, Hirshleifer (2001), Diks and Weide 
(2005), Alfarano et al. (2005), or Hommes (2006) are likely to serve as a good sources of information. 
Modelling approaches to herding are offered by Kirman (1991, 1993), who studies herding behaviour 
in ant colonies and might be considered as a 'promoter' of modelling of this mechanism. A HAM 
discussing herding behaviour is introduced by Chiarella and He (2002), who reveal a tendency to 
herd when a particular strategy becomes significantly profitable. Chiarella et al. (2003) confirm 
the potential of imitating to be a rational strategy. Diks and Weide (2005) suggest that herding 
might increase market volatility. 

2.2. Overconfidence 

Many psychological studies indicate that people are generally overconfident. In a nutshell, 
overconfidence is a consistent tendency to overestimate own's skills and the accuracy of one's 
judgments. People often believe in their own superior knowledge and put much more weight on 
private information — especially if they are personally involved in gathering and assessing data 
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- than on public signals — particularly when these are ambiguous. People also poorly estimate 
probabilities of future events and are too optimistic about future success — especially when it 
comes to challenging tasks. De Bondt and Thaler (1995, pg. 389) even comment on overconfidence 
as "perhaps the most robust finding in the psychology of judgment" . 

The most famous example to illustrate overconfidence concerns driving abilities. From a sample 
of 81 U.S. students 82% believed they were in the top 30% of drivers in terms of driving safety and 
almost 93% found themselves above average in terms of driving skills (Svenson, 1981). Another 
interesting fact is that men have been found to be more overconfident than women and experts 
more overconfident than laymen (Barberis and Thaler, 2003). 

Overconfidence is an extremely relevant topic for financial markets. Investors overconfident 
about their trading abilities are prone to pursue excessive trading (Odean, 1998, 1999; Barber and 
Odean, 2000, 2002), hold under-diversified portfolios (Goetzmann and Kumar, 2008), or under- 
estimate risk (De Bondt, 1998). All these factors are likely to implicate higher transaction costs 
hand-in-hand with lower returns (Barber and Odean, 2000). On the other hand, one of positive 
implications of overconfident behaviour might be the reduced tendency to herd (Bernardo and 
Welch, 2001). 

Regarding further literature, we mention a few typical theoretical approaches to overconfidence 
modelling. Interested readers are, however, referred to Daniel et al. (1998), Hirshleifer (2001), 
or Barberis and Thaler (2003) to gain more information about the topic and other modelling 
approaches. Daniel et al. (1998) present a model of securities over- and under-reaction based on 
overconfidence which is defined as the overestimation of private signals precision. 1 In their work 
they reveal a tendency of overconfidence to impact market prices and increase market volatility. In 
many studies, overconfidence is modelled as "overestimation of the precision of one's information" 
(Scheinkman and Xiong, 2004, pg. 15). In another way of looking at it, Barberis and Thaler (2003) 
for instance suggest that overconfidence can be modelled as an underestimation of variance. 

2.3. Market sentiment 

Last finding from behavioural finance which we use is market sentiment. Defined broadly, 
market sentiment refers to exaggeratedly pessimistic or optimistic and wishful beliefs about future 
market development, stock cash flows, and investment risks which are not fully justified by infor- 
mation at hand. To the best of our knowledge, market sentiment seems to be one of the most 
powerful driving forces on the stock market — as early as 1936 Keynes highlighted the role of 
sentiment as one of major determinants of investment decisions. This is particularly true during 
market crashes — de Jong et al. (2009, pg. 1934) for instance point out that "there is a clear shift 
in sentiment during extreme events" and a study by Shiller (2000) shows that investor sentiment 
in terms of bubble expectation and investor confidence vary significantly through time. Market 
sentiment causes irrational shifts of aggregate demand or supply as the behaviour affected by mar- 
ket sentiment is correlated among traders (Schleifer and Summers, 1990). These shifts might be 
triggered for various reasons. Investors might follow 'market gurus' or expert advice, use the same 
pricing models or sources of information (rating agencies) , react rashly to signals they do not fully 
understand, or just follow the crowd. 



1 Which is consistent with our description of overconfidence but in sharp contrast with the model of investor 
sentiment by Barberis et al. (1998) mentioned in subsection 2.3 in which all information is public but subject to 
misinterpretation. However, the results of both models regarding the effect on market prices are comparable. 
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The academic literature concerning market sentiment from various points of view is rather 
extensive. Here, we briefly refer to several interesting works. An article by Barberis et al. (1998) 
introduces a model of investor sentiment which is developed to reflect psychological as well as 
empirical evidence of overreaction and under-reaction of stock prices. A study by Baker et al. 
(2005) briefly suggests several approaches to sentiment and overconfidence modelling. Baker and 
Wurgler (2007) develop the Sentiment Index — a methodology of measuring investor sentiment 
- and describe in detail which empirical proxies to employ for its creation. Boswijk et al. (2007) 
propose a simple theoretical framework of measuring the average market sentiment within the 
HAM framework. Finally, in their article, Vacha et al. (2009) consider the simple form of market 
sentiment in the HAM framework. 

3. Framework for heterogeneous agents model 

Framework we choose for modeling is the Brock and Hommes (1998) HAM. The model is a 
financial market application of the adaptive belief system — the endogenous, evolutionary selection 
of heterogeneous expectation rules following the framework of Lucas (1978) and proposed in Brock 
and Hommes (1997, 1998). We consider an asset pricing model with one risk free and one risky 
asset. The dynamics of the wealth is as follows: 



where Wt+i stands for the total wealth at time t + 1, pt denotes the ex-dividend price per share 
of the risky asset at time t, and {yt} denotes its stochastic dividend process. The risk-free asset is 
perfectly elastically supplied at constant gross interest rate R = l + r, where r is the interest rate. 
Finally, zt denotes the number of shares of the risky asset purchased at time t. The type of utility 
function considered is essential for each economic model and determines its nature and dynamics. 
The utility for each investor (trader or agent alternatively) h is given by U(W) = —exp(-aW), 
where a > denotes the risk aversion, which is assumed to be equal for all investors. In this model, 
the Walrasian scenario is assumed, i.e. investors are 'price takers' and price pt is found when the 
sum of demand equals supply. This in fact means the price pt at time t if derived employing 
information from time t — 1 and the expected utility for time t + 1. 

Let E t , Vt denote the conditional expectation and conditional variance operators, respectively, 
based on a publicly available information set consisting of past prices and dividends, i.e. on the 
information set Tt = {pt,Pt~i, ■ ■ - ',yt, Ut-i, ■ ■ ■}■ Let Ehj, Vh,t denote the beliefs of investor type 
h (trader type h alternatively) about the conditional expectation and conditional variance. For 
analytical tractability, beliefs about the conditional variance of excess returns are assumed to be 
constant and the same for all investor types, i.e. Vh,t(pt+i +Vt+\ — Rpt) = °" 2 - Thus the conditional 
variance of total wealth Vhj{Wt+i) = z 2 a 2 . 

Each investor is assumed to be a myopic 2 mean variance maximizer, so for each investor h the 
demand for the risky asset z^ t is the solution of: 



2 To be 'myopic' means to have a lack of long run perspective in planning. Roughly speaking, it is the opposite 
expression to 'intertemporal' in economic modelling. 



W t+ i = RW t + (pt+i + y t +i - Rp t )z t , 



(1) 




(2) 
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Thus 

Eh,t\pt+i + yt+i - Rpt] - aa 2 z h:t = 0, (3) 

_ E Kt \p t+ i + y t+ i - Rpt] fA s 

z h,t — o ' V 4 J 

Let riht be the fraction of investors of type h at time t and its sum is one, i.e. J^ftLi n ht = 1- Let 
2 Sj t be the overall supply of outside risky shares. The Walrasian marker equilibrium for demand 
and supply then yields: 

J E h,t\pt+i + vt+i - R Pt] \ 

2^ n h ,tZh,t = 2^ n Kt \ ^2 f = Zs -*' ( 5 ) 



/i=l h=\ 



where H is the number of different investor types. In the simple case H = 1 we obtain the 
equilibrium pricing equation and for the specific case of zero supply of outside shares, i.e. z s j = 
for all t, the market equilibrium then satisfies: 



H 



Rpt = J2 nh ^ Eh ' t ^ >t+i + yt+^y- ( 6 ) 

h=l 

In a completely rational market Equation 6 reduces to Rp t = E t \pt+\ + yt+i] and the price of the 
risky asset is completely determined by economic fundamentals and given by the discounted sum 
of its future dividend cash flow: 

* _ E t [y t+k ] 

where p\ depends upon the stochastic dividend process {yt} and denotes the fundamental price 
which serves as a benchmark for asset valuation based on economic fundamentals under rational 
expectations. In the specific case where the process {yt} is independent and identically distributed, 
Et{yt+i} = y is a constant. The fundamental price, which all investors are able to derive, is then 
given by the simple formula: 

oo 

k=l K ' 

For the further analysis it is convenient to work not with the price levels, but with the deviation 
xt from the fundamental price pi : 

x t =pt-p*t- (9) 

3.1. Heterogeneous beliefs 

Now we introduce the heterogeneous beliefs about future prices. We follow the Brock and 
Hommes (1998) approach and assume the beliefs of individual trader types in the form: 

Eh,t(pt+i +yt+i) = E t {p* t+ i +yt+i) + fh{xt-i, ■ ■ -,x t -L), for all h,t, (10) 

where p* t+ i denotes the fundamental price (Equation 7), E t (pt +1 + yt+i) denotes the conditional 
expectation of the fundamental price based on the information set Ft = {pt,Pt~i, ■ ■ ■', yt,yt-i, ■ ■ ■}, 
xt = pt — Pt is the deviation from the fundamental price (Equation 9), fh is some deterministic 
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function which can differ across trader types h and represents a '/i-type' model of the market, and 
L denotes the number of lags. 

It is now important to be very precise about the class of beliefs. From the expression in 
Equation 10 it follows that beliefs about future dividends flow: 

E h ,t{y t+ i) = E t (y t+ i), h = l,...H, (11) 

are the same for all trader types and equal to the true conditional expectation. In the case where 
the dividend process {yt} is i.i.d., from Equation 8 we know that all trader types are able to derive 
the same fundamental price p\. 

On the other hand, traders' beliefs about future price abandon the idea of perfect rationality 
and move the model closer to the real world. The form of this class of beliefs: 



Eh,t(pt+i) = E t (pt + i) + fh{xt-i, • • • , x t - L ), for all h, t, (12) 

allows prices to deviate from their fundamental value pi, which is a crucial step in heterogeneous 
agent modelling. allows individual trader types to believe that the market price will differ from 
its fundamental value pi . 

An important consequence of the assumptions above is that heterogeneous market equilibrium 
from Equation 6 can be reformulated in the deviations form, which can be conveniently used in 
empirical and experimental testing. We thus use Equation 9, 10 and the fact that Ylh=i n M = ^ 
to obtain: 

H H H 

Rx t = ^2 n h,tEh,t[xt+l] = ^2 n h,tfh{x t -l, • • • , X t -L) = ^2 n h,tfh,t, (13) 
h=l h=l h=l 

where n^t is the value related to the beginning of period t, before the equilibrium price xt has 
been observed. 



3.2. Selection of strategies 

Beliefs of individual trader types are updated evolutionary and thus create adaptive belief 
system, where the selection is controlled by endogenous market forces (Brock and Hommes, 1997). 
It is actually an expectation feedback system as variables depend partly on the present values and 
partly on the future expectations. Market fractions of trader types rihj are then given by the 
discrete choice probability — the multinomial logit model: 

H 

Z t = J2^MPU h ,t-i), (15) 
h=\ 

where the one-period- lagged timing of XJh,t-\ ensures that all information for the market fraction 
riht updating are available at the beginning of period t, (3 is the intensity of choice parameter mea- 
suring how fast traders are willing to switch between different strategies. Zt is then normalization 
ensuring Ylh=i n h,t = 1- 
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3. 3. Basic belief types 

In the original paper by Brock and Hommes (1998), authors analyse the behaviour of the 
artificial market consisting of a few simple belief types (trader types or strategies). The aim of 
investigating the model with only two, three, or four belief types is to describe the role of each 
particular belief type in deviation from fundamental price and to investigate the complexity of the 
simple model dynamics with the help of the bifurcation theory. 

All beliefs have the simple linear form: 

fh,t = 9hXt-\ + b h , (16) 

where gh denotes the trend and bh is the bias of trader type h. This form comes from the argument 
that only a very simple forecasting rules can have a real impact on equilibrium prices as complicated 
rules are unlikely to be learned and followed by sufficient number of traders. Hommes (2006) also 
notices another important feature of Equation 16, which is that xt-i is used to forecast xt+i, 
because Equation 5 has not revealed equilibrium p t yet when p t+ \ forecast is estimated. 

The first belief type are fundamentalists or rational 'smart money' traders. They believe that 
the asset price is determined solely by economic fundamentals according to the EMH introduced 
in Fama (1970) and computed as the present value of the discounted future dividends flow. Fun- 
damentalists believe that prices always converge to their fundamental values. In the model, fun- 
damentalists comprise the special case of Equation 16 where gh = bh = fh,t = 0. It is important 
to note that fundamentalists' demand also reflects market actions of other trader types. Funda- 
mentalists have all past market prices and dividends in their information set J-h,t, but they are not 
aware of the fractions rth,t of other trader types. 

Chartists or technical analysts, sometimes called 'noise traders' represent another belief type. 
They believe that asset price is not determined by economic fundamentals only, but it can be 
partially predicted using simple technical trading rules, extrapolation techniques or taking various 
patterns observed in the past prices into account. If bh = 0, trader h is called a pure trend chaser 
if < gh < R and a strong trend chaser if gh > R. Additionally, if — R < gh < 0, the trader h is 
called contrarian or strong contrarian if gh < —R. 

Next, if gh = trader h is considered to be purely upward biased if bh > or purely downward 
biased if bh < 0. 

4. Empirical findings 

After the necessary introductions, we proceed to the analysis. In this section, we start with 
studying the behaviour of real world stock markets around a break point chosen to be a stock 
market crisis. In the next sections, we will try to answer the question if the empirical findings can 
be matched with the HAM. 

4-1. Choice of the data 

The benchmark dataset consists of all 30 constituents of the Dow Jones Industrial Average 
(DJIA) stock market index covering five particularly turbulent stock market periods. The sample 
we consider starts with Black Monday 1987, the largest one-day stock market drop in the history, 
and terminates with the Lehman Brothers Holdings bankruptcy in 2008, one of the milestones of 
the recent financial crisis of 2007-2010. 
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While we analyse the dynamics of the model around the BPD where new behavioural elements 
are injected, data coming from the turbulent market periods will help us to verify or contradict 
our findings. Financial crises and stock market crashes can be widely considered as periods when 
investors' rationality is restrained and where behavioural patterns are likely to emerge, strengthen 
and often play the dominant role. For example Malkiel (2003, pg. 72-76) perceives periods 
surrounding Black Monday 1987 and Dot-com Bubble 2000 as typical examples of behavioural 
market crashes where not rational, "psychological considerations must have played the dominant 
role". Table 1 gives a summary of particular events and related BPD. We try to minimize the 



Table 1: Financial Crises periods of 1987-2011 



Event 


BPD 


Description 


Black Monday 1987 


October 19, 1987 (Mo) 


The historical largest one-day 
DJIA drop: -22.61% 


Ruble Devaluation 1998 


August 17, 1998 (Mo) 


Russian government announced 
the ruble devaluation and ruble- 
denominated debts restructuring; 
important point in the Russian fi- 
nancial crisis 


Dot-com Bubble Burst 


October 10, 2000 (Fri) 


NASDAQ reached its historical 
intra-day peak of 5132.52 USD and 
closed at 5048.62; on Monday 13 
it opened, however, at 4879.03, 
recording the 3% decline 


WTC 9/11 Attack in NY 


September 11, 2001 (Tue) 


NYSE consequently closed and re- 
opened again after September 17 
(Mo) 


Lehman Brothers Holdings 
Bankruptcy 


September 15, 2008 (Mo) 


'Chapter 11' bankruptcy protec- 
tion publicly announced; one of the 
milestones of the Financial crisis of 
2007-2010 



arbitrariness of event choice by considering two reasonable criteria which chosen events ought to 
satisfy. First, the BPD should be well determinable. A good example is e.g. September 11, 2001. 
Second, when looking back, the event should have had a direct and substantial impact on the U.S. 
stock market. Therefore, e.g. Black Wednesday in the UK in 1992 is not considered. 

Several financial crisis periods such as well known Scandinavian banking crises in 1990s, already 
mentioned Black Wednesday in 1992, Asian financial crisis around 1997, and others do not satisfy 
some of these criteria well and therefore we omit them from our analysis. Moreover, to obtain 
a mutually consistent data, we have purposely decided to use the DJIA index, one of the oldest, 
closely watched, and most stable indices in the world. The need for certain consistency also 
restricts how deep into history we can immerse. With regard to historical changes among DJIA 
components, March 12, 1987 has been assessed as the historical border line as since then half of the 
index components have been gradually substituted. Detailed description of the DJIA components 
is given later in the text. Additionally, if there are more potential BPD during a particular crisis 
period, we opt for the first one as we suppose this one is likely to have the greatest psychological 
impact and even if not, it fits best into the model we consider in this work. 
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4-2. Data description 

The sample consists of the differences of the daily closing prices for all DJIA stock market 
index constituents covering five particularly turbulent stock market periods (Table 1). The price 
differences have been chosen instead of usually analysed stock prices or returns as they empirically 
resemble the outcomes of the model under the study — after repeated simulations the average 
statistics are mutually comparable, especially in the short-run. 

We choose one month (20 working days) before and one month (20 working days) after the 
specific BPD. We have decided for this rather short period for two reasons. First, the dynamics 
of the model stabilizes quite fast. Second, from the psychological aspect, we expect to observe the 
most interesting changes in behavioural patterns especially very close to the BPD. The full sample 
consists of 5519 observations. 

Some of the historical data are, nonetheless, unavailable for particular stocks. The reason is 
that either the company ceased to exist (a bankruptcy, a merge, or an acquisition) or a particular 
stock trading was suspended for some time. In both cases the historical data of a particular stock 
are unavailable. 3 There is also one specific case of the American International Group (AIG) in 
the dataset. AIG stock was removed from the index and replaced by the Kraft Food (KFT) on 
September 22, 2008 — i.e. during the 'Lehman Brothers 2008' period — after a series of enormous 
drops around September 15, 2008. To keep sample consistency we omit this stock as an outlier. 

DJIA index consists of 30 stock and the index base has changed 48 times during its history 
starting in 1896. Therefore the structure of the partial samples varies across time and due to 
unavailability of some data, the partial samples are not all of the same magnitude. However, for 
the purpose of our analysis this is not a problem. What we only need is a consistent set of as 
many observations as possible to extract patterns of data dynamics around the BPD. Table 6 in 
Appendix outlines changes in the structure of the index during the period we consider and shows 
precisely which data are used. 

Figure 1 shows tails of the empirical distributions of the price differences for each partial sample 
before and after the BPD. Table 2 then offers a summary of important descriptive statistics keeping 
the same logic as Figure 1. 

To check the robustness of our findings, we have also developed three analogous datasets to 
compare the results of the primal sample. For the first control dataset we consider the same 
structure of stocks but the observed period is twice as long., i.e. 40 working days before and after 
the BPD. Therefore the sample consists of double amount of data. The second and third control 
sets comprise only those stock that remained in the index for the entire observed period (AA, AXP, 
BA, DD, GE, GM, IBM, KO, MCD, MMM, MRK, PG, T, UTX, XOM) and we again analyse the 
20 and 40 working days before and after the BPD. Given the very same set of stocks considered in 
each period all partial subsamples then have the same magnitude, i.e. 300 and 600 observations, 
respectively. The comparison does not reveal, however, any significant difference from the original 
dataset which makes us conclude that our test sample is chosen robustly. 

4-3. What can we infer from the data? 

At first glance, our data does not come from Gaussian normal distribution, which is confirmed 
by the Jarque-Bera Test for normality of distribution (see Table 2). Typical stylized facts of 
financial returns such as excess kurtosis or heavy tails are also fulfilled. In Table 2 one can clearly 



3 If a company changed its name, it usually keeps its ticker symbol and the historical data remain available. 
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Figure 1: Tails of the aggregated DJIA constituents' price differences (in USD) empirical distribu- 
tions. Left tail is marked with "+", right tail with "o", while tails before the BPD is depicted in 
black and tails after the BPD is depicted in gray. 
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see shifts of mean, variance, skewness and kurtosis between the 'before' and 'after' periods. The 
first three of these four descriptive statistics increase in four of five analysed periods, while kurtosis 
decreases in the same ratio of cases. These findings are not only interesting from the statistical 
point of view, economic interpretation might be interesting to study as well. 

Let us start with mean which rather increases. One of the possible explanations might be 
that after a sudden market crash the resulting short-run tendency is to compensate the huge drop 
in prices by several increases. Speculators might play a substantial role in this situation. These 
increases then statistically exceed the huge drop at the beginning which leads to the overall picture 
of a higher mean. Another rationale might be that the market crash is a climax when the negative 
trend of market prices culminates. After that, therefore, there is no more space for drops and the 
market naturally increases. 

Increasing variance measures the increasing market risk and uncertainty resulting in its unpre- 
dictability. This is one of the accompaniments of all turbulent market periods. 

The most challenging issue for an economic interpretation is the increasing skewness. This 
means that the mass of the distribution shifts from right to left, the right tail becomes longer 
and high values become more scarce. All of these features are likely to be related to general crisis 
tendencies but their interpretation with regard to the increasing mean does not seem unambiguous. 

Finally, for the decreasing trend of kurtosis several straightforward explanations may apply. In 
the crisis period after a market crash extreme observations (both negative and positive) become 
more likely and, in the contrary, observations close to mean are less probable. Tails of related 
distribution thus become heavier as shown by Figure 1 and kurtosis decreases. 

The most interesting part now will be to compare these considerable empirical results with the 
outcomes of the model simulations. 



5. A setup for simulations 

To be able to mutually compare all different model setups, we define a joint setup which will 
be used for all simulations. In the simulations, we follow our previous work (Barunik et al. , 2009; 
Vacha et al., 2009, 2011) basing our model in the Brock and Hommes (1998) setting. Adaptive 
belief system is compactly described (Hommes, 2006) by the three mutually dependent equations: 

H H 

Rx t = ^2 n h,tfh,t + e t = ^2 n h ,t{ghXt-i + b h ) + e t , (17) 

h=l h=l 

«m = J xvm ^; ] , . <*> 

T T , D s fh,t-2 — Rxt-2 

U h ,t-i = {xt-i-Rx t -2) o 

_ t D g h x t -3 + b h - Rx t -2 , 1fV . 
= [xt-i-Rxt-2) s , (19) 

where e< denotes the noise term representing the market uncertainty and unpredictable occasions. 

The inevitable feature of all heterogeneous agent models are too many degrees of freedom 
together with a large number of parameters which can be modified and studied. Therefore we need 
to fix several variables to be able to analyse particular changes of the model ceteris paribus. As in 
Barunik et al. (2009) and Vacha et al. (2009), we set the constant gross interest rate R = 1+r = 1.1; 
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the linear term 1/aa 2 consisting of the risk aversion coefficient a > and the constant conditional 
variance of excess returns a 1 is fixed to 1. In addition to that, we use relatively small number of 
traders, H = 5 and neither memory nor learning process are implemented to keep the impact of 
the behavioural modifications as clear as possible. 

To examine the impact of suggested changes on the model outcomes, we rely on Monte Carlo 
methods. To obtain statistically valid and reasonably robust sample, we rely on the number of 100 
runs. The trend parameter gh is drawn from the normal distribution N(0, 0.16), the bias parameter 
bh is drawn from the normal distribution N(0, 0.09). When g\ = b\ = 0, fundamentalists are present 
at the market. We allow fundamentalists to appear in the market either randomly or by control. 

Finally, the magnitude of noise has to be considered carefully as it represents the notion of 
market uncertainty so it is inevitable part of the model, but it should not overshadow the effect of 
analysed modifications. We examine the effect of various noise settings, namely et £ U (—0.02, 0.02), 
et £ U(— 0.05, 0.05) and et £ U(— 0.1, 0.1) and conclude that although different noise variance 
causes some minor changes in model outcomes, all models across different noises embody major 
similarities. Thus the noise term et is drawn from the uniform distr. U(— 0.05, 0.05) which seem 
reasonable 4 to us. 

In our simulations, we change the intensity of choice (3 and the intensity of the behavioural 
element. The literature estimating /3 using a real marked data is extremely scarce as it is difficult 
to estimate the intensity of choice due to the non-linear nature of the model. One recent example 
is Frijns et al. (2010, pg. 2281) who find that the intensity of choice "is positive and of considerable 
magnitude throughout the sample" of daily closing DAX prices covering the entire year 2000. Hence 
/3 still remains a rather theoretical concept. However, larger f3 implies higher willingness of traders 
to switch between strategies based on their profitability — the best strategies at each specific 
period are chosen by more agents — and reversals in the price development are thus more likely. 
To comprise the large variety of possible values we use 5 the range /3 £ (5, . . . 500) with single steps 
of 55, i.e. /3 = {5, 60, 115, 170, 225, 280, 335, 390, 445, 500}. On the other hand, for each behavioural 
element the range varies and we describe its logic in further sections. The length of the generated 
time series corresponds to 250 days, i.e. t = {0, . . . 250}. First 10% of observations are discarded 
as initial period. 

The way we implement the behavioural elements into the framework is that we change the 
dynamics of the model in the middle of generated time series, i.e. from the 126th iteration via 
injecting a new behavioural element. Then, we study the dynamics of the system closely before 
and after this change. The choice of the empirical benchmark sample introduced in the previous 
text reflects exactly this procedure. The last 10% of observations are discarded as well to obtain 
samples of the same magnitude. 

In studying the effect of behavioural elements on the model outcomes, we focus on four sub- 
series. First, we split the generated series into 2 halves, before and after the 126 iteration when 
behavioural break is put into the model. Second, we focus on last 20 observations before the 
behavioural break and first 20 observations after the behavioural break. By cumulating these four 
groups of series from different iterations, we are finally left with (i) the complete 'before' sample 
of 10000 observations; (ii) the 20 day 'before' sample of 2000 observations; (iii) the 20 day 'after' 



4 Results for different noise settings are available upon request from authors. 

5 ln the choice of f3, we follow our previous research. In Barunik et al. (2009) and Vacha et al. (2009), we use 
ft = 300, in Vacha et al. (2011), we use /3 — 500 for example. Results for different f3 € (0, . . . 1000} are available upon 
request from authors. 
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sample of 2000 observations; (iv) the complete 'after' sample of 10000 observations. 

5.1. Modelling of behavioural patterns: herding 

As a certain notion of herding is naturally included 6 in the evolutionary adaptive system of 
strategy switching, we present different original modelling approach to herding. The examination 
of herding patterns in HAM is always based on short-run profitabilities of individual strategies and 
herding is detected via the evolution of market fractions rih,t- This concept of herding is hence 
more or less (boundedly) rational. Therefore we introduce a concept of rather irrational, 'blind' 
herding, which is based on public information and aims to imitate traders' behaviour during large 
stocks sell-offs after a market crash. 

In this approach one of trading strategies {h = 5) does not behave in the traditional way but 
copies the behaviour of the most successful traders of the previous day. At time t the strategy 
primarily evaluates its own performance measure, then compares the performance measures of all 
other strategies and for the next period t + 1 it adjusts its beliefs about the trend g§ and bias 65 
parameters, so that they mimic the last period's most profitable strategy. The mimicking effect is 
thus one period lagged and this delay represents the reaction of less informed market participant 
who just follow the crowd. 

Thus instead of 5 strategies present at the market, we can observe only 4 of them while the 
last, fifth mimics the most profitable one. Including the fifth mimicking strategy can lead to 
substantially different results in favor of the strategy which is currently being imitated, especially 
when the intensity of choice j3 is small. 

5.2. Modelling of behavioural patterns: over confidence 

Behavioural overconfidence can be modelled as a routine tendency to overestimate the accuracy 
of own judgments. Trying to incorporate this into the model framework, we are left with no 
other choice than work with the trend g^ and bias bh parameters. However, this makes perfect 
sense and we model overconfidence as an overestimation of generated values. Roughly speaking, 
an overconfident trend chasing trader behaves even more surely and follows the observed trend 
strongly than in a normal (randomly generated) situation. He also expects the price to rise or drop 
even more than according to his (randomly generated) premises. The range of the 'overconfidence 
element' is (0.05, . . .0.5) and one can imagine this as the representation of the excess assurance 
in percentage terms — from 5 to 50%. Three options are examined: overconfidence affecting the 
trend parameter g^ only, overconfidence affecting the bias parameter bh only, and overconfidence 
affecting both parameters. As overconfidence is positive 'from definition', negative values are not 
considered. 

5.3. Modelling of behavioural patterns: market sentiment 

We model the market sentiment as shifts of the mean values of probability distributions from 
which the trend parameter and the bias parameter bh are generated. Both impacts of the 'posi- 
tive' and the 'negative' sentiment are examined. Vacha et al. (2009) model the market sentiment as 
jumps of the trend parameter gh between realizations from the normal distributions iV(0.04, 0.16) 
and N(— 0.04, 0.16). We generally consider four options: (i) sentiment affecting the trend param- 
eter gh only (the same case as we consider in Vacha et al., 2009); (ii) sentiment affecting the bias 



See e.g. Chiarella and He (2002), Chiarella et al. (2003), De Grauwe and Grimaldi (2006), or Hommes (2006). 
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parameter bh only; (iii) sentiment affecting both parameters; (iv) and finally so called 'mixed' case 
where the positive sentiment affecting bias bh is combined with the negative sign of the trend 
parameter gh and vice versa. The interpretation of both effects is, however, considerably different. 

If we decrease the mean of the trend parameter g^, the contrarian strategies are more likely 
to be generated. Nonetheless, this does not tell much about the type of sentiment we have set - 
whether the sentiment is intended to be positive or negative — we primarily adjust the response 
of agents to actual price development. On the other hand, manipulating with the mean of the 
bias parameter bh we directly set the trend — decreasing the mean we model negative market 
sentiment (price rather drops tomorrow) and vice versa. Next, as we aim to model the behaviour 
in extremely turbulent times, we assume higher shifts than only one tenth of the standard deviation 
as in Vacha et al. (2009). The range for the positive sentiment element is (0.04, . . . ,0.4) for trend 
and (0.03, . . . , 0.3) for bias, i.e. the minimum is one tenth of the standard deviation and the 
maximum equals one standard deviation of related distributions. For degree of negative sentiment, 
the opposite values (—0.4, . . . , —0.04) for trend and (—0.3, . . . , —0.03) for bias are used. At first 
sight, this approach might seem a little similar to the overconfidence modelling, but the opposite 
is true. Although both appertain to the trend and bias parameters, in the overconfidence case we 
only symmetrically strengthen traders' responses to the current market development, while in the 
market sentiment case we asymmetrically deflect the market behaviour and traders' beliefs. 

6. Results and interpretations 

In total, we simulate 13 different setup combinations including no behavioural impact, herding, 
three different setup combinations for overconfidence, and eight setup combinations for market 
sentiment according to the description in previous text. The overview of the aggregate results is 
summarised in Table 3. 

Within each simulation, we keep tracking many features. First, we evaluate the same pattern 
which has been revealed within the empirical benchmark sample, i.e. the shifts of mean, variance, 
skewness, and kurtosis between the 'before' and 'after' periods. While studying the empirical data, 
we have found that the first three of these four descriptive statistics increase in four of five analysed 
periods, while kurtosis decreases in the same ratio of cases. We also mention the arithmetic average 
of the percentual magnitude changes before and after the BPD for variance and kurtosis. 

Second, using the Cramer-von Mises Test for equal distributions we observe whether there are 
statistically significant differences among particular samples, namely we compare: the complete 
'before' sample (B) to the '20 day before' sample (6), the '20 day before' sample (6) to the '20 day 
after' sample (a), the '20 day after' sample (a) to the complete 'after' sample (A), and finally the 
complete 'after' sample (A) to the complete 'before' sample (A). We expect B — b and A — a to be 
largely similar and, on the other hand, b — a and A — B to exhibit strong dissimilarities caused by 
the behavioural element injected into the simulation. 

Third, using the Jarque-Bera Test for normality of distribution we examine the non- normality of 
particular samples. We expect samples to be non-normal and strongly leptokurtic, some exceptions 
may appear within the 20 days samples because of only a limited number of observations after each 
run. For each descriptive statistic we compute the arithmetic average value. 

6.1. Simulations results 

According to the Jarque-Bera Test for normality of distribution, simulated samples are largely 
non-normal with substantial excess kurtosis, thus likely to exhibit leptokurtic properties and con- 
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firm our expectation. This fundamental finding is thus consistent with the empirical benchmark 
sample where all subsamples exhibit excess kurtosis. For the complete samples, there is only several 
cases of normality, perhaps those with low intensity of behavioural element. However, several 20 
day samples — especially the market sentiment cases — reach considerable values. It seems that 
market sentiment affecting the trend gh only and the 'mixed' case (also trend-affecting) produce 
samples closer to normal distribution than all other setup combinations. Apparently, modifications 
affecting trend gt when the behavioural 'sentiment element' is included have certain tendency to 
offset the ability to produce real market-like leptokurtic distributions — one of the most highlighted 
features of the model. This finding is, however, partially consistent with the benchmark sample 
tendency to exhibit decreases in kurtosis after the BPD. 

6. 2. Empirical pattern fitting 

Let us look on results of the three behavioural modifications of the model. Herding seems to 
affect the model structure the least. It exhibits more or less an average effect on all descriptive 
statistics with prevailing effect of kurtosis increase which goes counter the empirical findings. 
Although the presence of the herding towards the most profitable strategy produces some minor 
differences, namely mean shifts and dissimilarities in distributions, herding effect is comparatively 
rather similar to the case without any behavioural impact. When comparing the distributions of 
the data 20 days before and after the herding occurs in the model (b — a case) we can see that 
distribution does not change significantly in 61 out of 100 cases. 

While herding does not bring any strong results, overconfidence seems to influence the model 
much more significantly. All three overconfidence setups increase variance in the large majority of 
cases (94 to 99 out of 100). This result is comparable with our empirical findings as well as with 
conclusions of Daniel et al. (1998) and in fact is expected. On the other hand, overconfidence does 
not affect the mean of the distributions. An intriguing feature is the rapid variance and kurtosis 
increase after the BPD in both cases with the trend overconfidence. When comparing these results 
to the findings from the empirical data we can see that overconfidence affecting the bias parameter 
bh only reveals substantially higher ability to fit the decreasing kurtosis empirical pattern. At the 
same time it does not produce such extensive variance and especially kurtosis increases. When 
thinking about an economic interpretation, one can understand this specific setup as a situation 
when all market participant strictly use similar pricing models and thus their trend extrapolation 
is not a subject to any bias, while their personal feelings and expectations of the market future 
development are highly impacted by overconfidence. Moreover, only in 18 out of 100 cases we can 
not distinguish between the distributions of generated data 'before' and 'after' the BPD. In the 
case of overconfidence affecting trend parameter, 98 out of 100 cases can not be distinguished from 
each other. This means that overconfidence affecting trend does not change the distribution of 
generated data at all. Thus we conclude that the case of overconfidence affecting bias matches the 
empirical data best. 

Turning our attention to the market sentiment we find out that it seems to be — compared 
to the previous modifications — the most promising behavioural change of the model structure. 
At first glance, effects of the positive and the negative market sentiment generate roughly inverse 
results. The positive market sentiment fits the empirical benchmark sample pattern considerably 
better, whereas the negative market sentiment is able only to mimic decreases in kurtosis (2 of 4 
cases) and variance increases (2 of 4 cases). This might be explained in a similar way as we offer 
for the positive mean shifts within the empirical benchmark sample. 
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As the positive sentiment matches the behaviour found in the empirical data best, we focus 
on its results mainly. Market sentiment affecting trend gh seems to be a weak modification as 
it exhibits average values for the mean and skewness shifts and has very low performance in the 
case of kurtosis. Mixed sentiment cancels the important variance shift almost entirely out but is 
able to mimic the kurtosis decrease. Again, we observe excessive variance and especially kurtosis 
upward jumps when the trend affecting sentiment is introduced. Sentiment changes affecting 
either both trend gh and bias bh or bias bh only seem to be the most successful modifications 
and we again conclude that the market sentiment affecting bias parameter bh only best matches 
the empirical findings. This particular modification embodies higher performance in the kurtosis 
decrease fitting and, most importantly, it exhibits much more reasonable percentual changes of 
variance and kurtosis in comparison with the empirical values. 

Employing the Cramer-von Mises Test for equal distributions we study the ability of particular 
behavioural modifications to produce significantly different data distributions before and after the 
BPD. From this perspective, herding and all trend affecting setup combinations generally seem 
to be the weakest modifications. On the other hand, almost all non-trend sentiment modification 
exhibit excellent results from this point of view. Our expectation that the 20 day samples and the 
complete samples from the same period come from the same distribution has been 100% affirmed 
as no single deviation appeared. 

Increases of variance seem to be the most robust results of the majority of the overconfidence 
and market sentiment setup combinations. This finding confirms the conclusions of Daniel et al. 
(1998) and Diks and Weide (2005). The tendency of the minimum and maximum values then also 
more or less confirms our expectation of higher volatility after the BPD. Nonetheless, the minimum 
and maximum values are rather chance results as they only represent a single extreme value of all 
100 runs. 

6.3. Model extensions 

While being rather successful in replicating empirical findings by behavioural injections in the 
HAM model, we focus on further possibilities of model extensions in order to test robustness of 
our results. In further analysis, we drop the setups with negative market sentiment as these are 
far from the empirical data. 

The overviews of the aggregate results are summarised in Table 4 & 5. The structure of the 
tracked information remains the same as in the previous analysis. 

6.3.1. Fundamentalists by default 

Fundamentalists play crucial role in the theoretical model framework. Until now, we allowed 
a fundamental strategy to be generated only within random setting, but next we would like to 
study the change of the market behaviour in case when the one fundamental strategy will surely 
be present in the market. Therefore, we will always set g\ = b\ = for one of strategies. 

Looking at the results, fundamentalists' default presence seems to have only a minor and non- 
systematic impact on the model outcomes. It affects mainly kurtosis and moves only two setup 
combinations slightly closer to the empirical benchmark sample. The effect on kurtosis is also 
evident from the results of the Jarque-Bera Test which rejects normality in more cases than within 
the primary results. 

In the overconfidence case, fundamentalists strongly decrease variance but only for the setup 
combination where both trend gh and bias bh are affected. For the same setup kurtosis strongly 
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increases in the 'before' sample and strongly decreases in the 'after' sample. In this specific case 
fundamentalists thus balance the kurtosis magnitudes before and after the BPD. 

In the market sentiment case, we can also observe decreasing fundamentalists' impact on kur- 
tosis, but only in the 'mix' case. 

6. 3. 2. Stochastic formation of parameters 

It is perhaps more realistic to assume that the levels of the market sentiment or overconfidence 
as well as the tendency to switch between particular strategies vary both among traders and in 
time. In an effort to reflect this sensible idea, we introduce the stochastic formation of the intensity 
of choice ft as well as the behavioural element intensity. Both parameters are newly generated 
randomly for each simulation, which means we employ 10.000 different random combinations of 
these two model inputs for each setup combinations. Parameter ranges remain the same, i.e.: 

• The intensity of choice f3 is drawn from the uniform distribution 17(5, 500); 

• The intensity of overconfidence is drawn from the uniform distribution U (0.05, 0.5); 

• The intensity of the market sentiment is drawn from the uniform distribution U (0.04, 0.4) for 
trend gu and from [7(0.03,0.3) for bias bh- 

Table 4 reveals that stochastic formation of parameters does not bring any considerable differ- 
ence to model outcomes. In fact, this modification does not change the structure of the results, so 
our previous findings are robust to change of parameters in the model. 

6.3.3. Combinations 

Next, we consider the possible combinations of more behavioural modifications in the model and 
examine whether combinations of impacts lead rather to a consolidation of results or to canceling 
the effects out. We combine four setups which best match the empirical findings. Hence, following 
combinations emerge: 

• Herding & overconfidence affecting the bias parameter bh only; 

• Herding & market sentiment affecting the bias parameter bh only; 

• Overconfidence & market sentiment affecting the bias parameter bh only; 

• Combination of all these three modifications. 

Results of these simulations seem ambiguous and at first glance it is not clear which component 
dominates. The combinations of various modifications lead more likely to canceling the effects 
out than to a consolidation of results. Market sentiment seems to be the governing element, but 
its effect is comparatively smaller when it is combined with other modifications than when it 
works alone. Herding follows and outperforms the impact of overconfidence. Compared with the 
primary findings, no strong tendencies are apparent, new results are most often either the same or 
somewhere 'half-way' between original results. 
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6.3.4- Memory 

The effect of memory is undoubtedly one of the most interesting features which can be studied 
within the heterogeneous agent modelling. The real-life parallel with the human memory and learn- 
ing is apparent. As Hommes (2006, pg. 56) points out, "another important issue is how memory 
in the fitness measure affects stability of evolutionary adaptive systems and survival of technical 
trading". Memory effect has been widely examined in various studies and we also incorporate this 
notion into our system. Memory process is the most distinctive modification of the model struc- 
ture from all four considered extensions and for its implementation we use the similar approach as 
Barunik et al. (2009) and Vacha et al. (2009). More formally, Equation 19 is extended to the form: 



where mn denotes the memory length of each particular strategy h. In simulations, memory lengths 
nih are generated randomly from the uniform distribution C/(0,20). This range has been defined 
with regard to computational time necessary for the memory implementation (which is in this 
particular setting more than 2.5 times higher than with zero memory) and also considering the 
length of the observed periods before and after the BPD. 

Although memory has surely the most evident impact on the model outcomes, it still does not 
cause major dissimilarities compared to our primary results. The presence of memory impacts 
mainly the structure of data distributions and make them substantially mutually distinct and non- 
normal as is evident from the aggregate results of the Cramer-von Mises and Jarque-Bera Tests 
- the number of rejections of equal distributions rises almost for all setup combinations and the 
same holds for normality. Moreover, memory enormously affects the structure of the '20 day after' 
sample which does no longer share the same distribution with the 'complete after' sample for the 
majority of runs. This result suggests a strong memory effect around the BPD. Memory also 
influences kurtosis and moves the ratio of grows and declines closer to the empirical benchmark 
sample values for some setup combinations. Considering the modification which best matches the 
findings from empirical data — the case of the market sentiment affecting the bias b^ parameter 
only — memory slightly reinforces its ability to fit the benchmark sample pattern. Memory perhaps 
also partially affects skewness and variance, but these deviations are largely non-systematic and 
might be rather chance results. 

7. Conclusion 

We introduce a different perspective and application of the Brock and Hommes (1998) HAM 
approach. From the plethora of well documented behavioural biases we examine the impact of 
herding, overconfidence, and market sentiment. Behavioural patterns are embedded into an asset 
pricing framework in order to study resulting price dynamics. 

As financial crises and stock market crashes can be widely considered as periods when investors' 
rationality is restrained to a great extent, we advance current research literature through an em- 
pirical verification of the HAM abilities and explanatory power of behavioural finance, using data 
covering these periods of high- volatility. We develop a unique benchmark dataset for this purpose. 
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The dataset consists of all currently publicly accessible individual DJIA constituents covering five 
particularly turbulent stock market periods. The era we consider starts with Black Monday 1987 
and terminates with the Lehman Brothers bankruptcy in 2008. Most importantly, we reveal an 
interesting pattern among this data. When data before and after the BPD are compared, mean, 
variance, and skewness increase in four of five analysed periods, while kurtosis decreases in the 
same ratio of cases. 

From the theoretical point of view, we show that selected findings from behavioural finance: 
(i) herding, (ii) over confidence, and (iii) market sentiment, can be well modelled via the HAM. 
Herding is modelled so that one of strategies copies the behaviour of the most successful traders of 
the previous day. Overconfidence is modelled as the overestimation of randomly generated values. 
Finally, we model the market sentiment as shifts of the mean values of probability distributions 
from which agents' beliefs are generated. 

A numerical analysis of the HAM extended with the selected findings from the behavioural 
finance brings the most important results. We analyse the dynamics of the model around the 
BPD, where behavioural elements are injected into the system, and compare it to our empirical 
benchmark sample. By performing large Monte Carlo study we show that findings from behavioural 
finance extend the original HAM considerably and different HAM modifications lead to different 
outcomes. Both results are statistically significant and are confirmed by the Cramer-von Mises 
Test. From this perspective, herding and all trend-affecting setup combinations generally seem to 
be the weakest modifications. On the other hand, almost all non-trend sentiment modifications 
exhibit excellent results. Moreover, we analyse the impact of four additional model extensions. 
These comprise the default presence of fundamentalists, stochastic formation of parameters, various 
different combinations, and memory. Generally, the first three modifications cause more or less only 
minor differences, while memory exhibits the most evident and statistically significant influence on 
the model structure. Results further indicate that HAM is able to partially replicate price behaviour 
during turbulent stock market periods. In particular, the market sentiment case affecting the bias 
parameter only exhibits a very good fit when compared to the empirical benchmark sample. When 
memory is added into the system, a strong impact around the BPD is observed. Memory also 
reinforces the ability to fit the benchmark pattern for particular setup combinations. 

To conclude, our approach suggests an alternative tool for examining the dynamics of changes 
in the HAM structure. To the best of our knowledge, this work also offers a first attempt to 
match the fields of HAM and behavioral finance in order to merge both approaches. We study the 
impact of 'behavioural breaks' but other phenomena such as interest rate shocks or new supplies 
of information might be implemented as well. As such, our work might be viewed as a step toward 
an intriguing extension of HAM - its empirical validation - while we show that it makes sense to 
consider behavioural finance within the heterogeneous agent modelling framework and that both 
approaches can desirably complement one another. 
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